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ABSTRACT

We amend adaptive expectations (AE) to make it robust in the face of nonstationarities such as those
emerging in self-referential forecasting systems. We borrow insights from robust control in engineering and
propose that the learning rate « in adaptive expectations is to be modulated in a way to minimize surprise
relative to a reference model. As reference, we suggest the Kalman filter model recently used in a study
examining how professional forecasters predict economic outcomes. We show how this prescribes changing
« in the direction of autocovariance of prediction errors. We refer to the resulting forecasting model as
Robust FExpectations Adaptation REA. Ours contrasts with the traditional prescription in reinforcement
learning, which is to change a in the direction of the change in the size of the prediction error, the
Pearce-Hall model, recently imported in the economics literature. Using more than 40,000 forecasts from
experiments on self-referential economic markets, we discover that participants change o as in REA, but
generally only if surprise is above the median level experienced. The Pearce-Hall model almost never fits
the data.
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1 Introduction

The traditional model for learning to forecast in economics is adaptive expectations. Mathematically, the

model can be written as follows:

Pii1 = P +a(pe —pf) = pf + ae, (1)

where p§ is the forecast of observation p, in a time series of “objects” such as prices, indexed ¢t = 1,2, ....
pt — p§ is the prediction error, denoted €;. « is the learning rate (Cagan, 2000). In psychology, adaptive
expectations is known as the Rescorla Wagner Rule (Rescorla and Wagner, 1972). It is also referred to as
the “delta rule,” which underlies Prediction-Error Learning in neuroscience (Montague et al., 1996; Schultz

et al., 1997) and Temporal Difference Learning in machine learning (Sutton and Barto, 2018).

The updating rule can capture moving targets, i.e., situations where the variable to be forecast changes
continuously. In such situations, the Kalman Filter provides a canonical example. There, « is referred to as
the Kalman Gain. The Kalman filter has recently become the core model in studies of analysts’ forecasting
(Bordalo et al., 2020).

In economics, however, the object being forecast is often endogenous: the observation moves not only
because of exogenous forces, but also because of the forecasts themselves (Marcet and Sargent, 1989). As a
result, the forecast—observation system is said to be self-referential: inflation may be high, not only because
of exogenous factors such as scarce production inputs, but also because high inflation expectations prompt

more agents to bring forward purchases, thereby increasing demand and causing extra upward price pressure.

Self-referentiality leads to non-stationarity, by which we mean that the parameters of the data generating
process of the objects to be forecast changes. It has long been appreciated that non-stationarity constitutes
one of the main causes of poor out-of-sample performance of economic and financial forecasting models
(Bossaerts and Hillion, 1999).

Here, we study how humans should and do adapt expectations to account for self-referentiality. We

identify an approach, derived from control of dynamical systems in engineering, that produces robustness in

expectations adaptation in the face of the nonstationarities arising from a self-referential system.

One way to capture nonstationarities is to track whether there are “regime switches” (Hamilton, 1989;
Jansch-Porto et al., 2020). The idea is to focus on switchpoint detection, and once a switchpoint has been
identified, to optimally adjust the learning rate « to the new “regime.” However, the approach requires
the forecaster to know beforehand what the possible “regimes” could be, and that there are sufficiently
long and stable (stationary) episodes for renewed learning after switchpoints to have material impact. If
the episodes are too short, there may be problems with policy convergence (Csdji and Monostori, 2008). A
similar but simpler way is gain-scheduling, also known as heuristic switching model in economics. There,
a strategy or an « is set offline ex ante to respond to different observed scenarios (Anufriev and Hommes,
2012). Such system, however, can lead to poor performance or even failure when the environment changes

in unanticipated ways (Tin and Poon, 2005).

In economics, the standard way to robustly deal with nonstationarities is to prepare for the worst. See,
e.g., Hansen and Sargent (2001). This is obviously not ideal, not only because the worst possible regime

may rarely apply, but also because the worst regime may be unknown.



In psychology and neuroscience, robustness has been introduced by allowing the learning rate a to
increase with surprise, i.e., with |e|. This resulting robust adaptive expectations technique is known as
Pearce-Hall Prediction-Error Learning (Pearce and Hall, 1980). This mechanical rule is maladaptive, how-
ever, when outliers are frequent (i.e., under leptokurtosis) and when they revert. In that case, the opposite
adjustment on learning rates (i.e., reduction in «) is called for. See d’Acremont and Bossaerts (2016) for
details. The Pearce-Hall rule has recently been studied in a macro-economic context, in Carvalho et al.
(2023), building on the model initially developed by Marcet and Nicolini (2003).

In control theory, one proven way to obtain robustness in the face of unexpected nonstationarities is
to minimize surprise with respect to a reference model. The resulting control technique, referred to as
Model-Reference Adaptive Control (MRAC), has proven extremely useful in industrial applications in widely
different contexts, such as robotics, aeronautics, or automotive control. In MRAC, hyper-parameters of the
controller are modulated to ensure surprise is minimized. Surprise is defined relative to a reference model,
that represents the desired properties of the system and is used to supervise the adaptation of the controller
(Nguyen, 2018; Bossaerts, 2018; Tin and Poon, 2005). In the context of forecasting, this translates into
modulating the parameter « in the adaptive expectations model, so that surprise of forecasting errors is

minimized relative to expected surprise in a reference model of the environment.

In MRAC, the reference model provides forecasts that are used to evaluate the outcomes from actual
interaction with the environment. This contrasts with models such as Pearce-Hall where the past observa-
tion guides adaptation. MRAC was motivated by the concern that the past may provide bad guidance in
nonstationary contexts. Indeed, the environment could have changed in ways such that even partial reliance
on the past generates the worst possible performance. This was the case in d’Acremont and Bossaerts (2016),
cited before. Instead, MRAC proposes that a carefully chosen reference model could generate more robust

outcomes across a wide variety of possible environments.

We propose that economic agents use the Kalman filter model as reference to adjust the learning rate «
in adaptive expectations. We refer to this type of modulation of o as Robust Expectations Adaptation, REA.
We find that the optimal adjustment requires the forecaster to change a as a function of autocovariance
of prediction errors. Using only 2 periods to estimate this autocovariance, we make this specific with the
following adaptation rule:

Ay X €161, (2)

with positive constant of proportionality. That is, agents adjust the learning rate in proportion to the
estimated autocovariance of prediction errors. The rule was proposed in the machine learning literature as
well (though in an ad hoc way). There, it is known as the Delta-Bar-Delta Algorithm (Sutton, 1992).

A major advantage of the adaptation rule in (2) is that it is independent of the parametrization of
the Kalman filter model. Only the constant of proportionality depends on parameter values such as the
observation error variance or the variance of state transitions in the model. Consequently, we can test
whether agents use MRAC with the Kalman filter model as reference without having to be more specific
about the model.

In the study cited previously, d’Acremont and Bossaerts (2016), it was shown that humans implemented
this MRAC rule. Predictions reflected the use of the Kalman filter model as reference. The evidence

suggested that the learning rate was changed in proportion to the autocovariance of prediction errors only



when surprise (|e;|) was sufficiently large.

We study over 40,000 price forecasts from a series of experimental markets (Bao et al., 2012, 2013, 2017;
Bao and Hommes, 2019; Bao et al., 2024). There, the nature of self-referentiality was controlled: in the
positive feedback treatment, increased price expectations led to higher actual prices, while in the negative

feedback treatment, increased price expectations caused lower prices.

We study estimates of changes in the learning rate: their direction (up/down) and their magnitude
(signed change). We reject the Pearce-Hall model because learning rate changes are found to be insensitive
to the changes in size of the prediction error (|e;|). In contrast, we find convincing evidence that the learning
rate is modulated by the sign of the prediction error autocovariance (e e;—1), as predicted by REA. But,
as in d’Acremont and Bossaerts (2016), we discover that this modulation is only observed when surprise
is sufficiently high. In particular, it emerges when surprise is above the median level agents experience

individually.

The remainder of this paper is organized as follows. Section 2 provides a more detailed literature review.
Section 3 presents the theoretical model and derives the optimal robust expectations adaptation (REA)
formula. Section 4 explains the data. Section 5 presents the empirical results. Robustness of the results is

discussed in Section 6. Section 7 provides concluding remarks.

2 Literature Review

We present the literature review in a systematic way, structured around topics relevant to the REA model.

2.1 Forecasting

There is an extensive literature in economics dedicated to understanding how human agents predict future
outcomes. This is in large part motivated by the fact that economic systems are self-referential: predictions
affect choices and choices affect economic outcomes (prices, trade volume, ...). We will discuss why this

self-referentiality makes modeling economic outcomes challenging later.

One shortcut to simplify the analysis of economic systems is to assume rational expectations (Muth,
1961), but this would require agents to both predict future states with unbiased beliefs (Bossaerts, 2004)
and have perfect foresight, i.e., know prices and volumes in each future state (Bossaerts et al., 2024). This
has led economists to investigate alternative approaches, such as adaptive expectations or Kalman filters
(to be discussed in the following). The assumption that humans form forecasts in self-referential systems
according to rational expectations is misleading. Not only may forecasts be biased (see Bordalo et al. (2020)),
but it appears that forecasts of prices of financial assets exhibit excessive volatility, just as prices themselves

are excessively volatile (Nursimulu and Bossaerts, 2014).

!Some experiments in the cited literature required participants to predict quantity instead of price. Those
experiments were not included for this study.



2.2 Adaptive Expectations

As mentioned before, economists have studied alternative forecasting models besides rational expectations.
Arguably the most influential one is adaptive expectations, whereby predictions are updated based on pre-
diction errors (Cagan, 2000). Kalman filter analysis (to be discussed below) shows that such an adaptive
updating rule may be optimal in a stationary Gaussian world, or a stationary world with quadratic loss

functions.

2.3 Rescorla-Wagner Rule

In psychology and neuroscience, adaptive expectations is known as the Rescorla- Wagner Rule (Rescorla and
Wagner, 1972). Some also refer to it as the “Delta Rule,” which, if the learning rate can be adjusted flexibly,

will emulate Bayesian learning (Nassar et al., 2010).

2.4 Prediction-Error Learning

In machine learning and computational neuroscience, delta-rule learning has become known as “prediction
error learning.” In its most sophisticated formulation, the prediction error derives from Bellman’s equation,
and hence, can be used not only to learn to forecast but also to adapt one’s actions to become dynamically
optimal. This then is the core of modern machine learning (Sutton and Barto, 2018). It deserves mention that
such sophisticated “temporal difference” prediction errors have been found to be encoded in the dopaminergic
system of the primate brain (Montague et al., 1996; Schultz and Dickinson, 2000).

2.5 Kalman Filter

A popular adaptive expectations rule to predict the position/value of a moving target is the Kalman filter.
The target moves independently of the forecasts, so the system is autonomous, i.e., not self-referential.?
Driving processes are Gaussian or the forecaster’s loss function is quadratic. The Kalman filter has recently
been applied successfully in modeling economic forecasts by professionals; see Bordalo et al. (2020). The
pure Kalman filter, where learning rates are set optimally as a constant, generally predicts lower learning
rates than inferred from professionals’ forecasts. Then again, as mentioned before, the Kalman filter is not

meant to apply to self-referential systems, to which we turn now.

2.6 Self-Referentiality

In economics, forecasts determine outcomes, and hence, outcomes are endogenous. When there are prediction

errors, they lead to updated forecasting and hence, changes in the data generating process. Consequently,

2In more sophisticated versions, the target can be controlled by the predictor, but that does not make the
system self-referential since the agent knows how her actions influence the target.



self-referential systems tend to be nonstationary — that is, the parameters of the data generating process for
the objects being forecast change over time — unless there are no mistakes in the forecasting rule, meaning
expectations are “rational.”3 A large literature exists addressing whether and when economic systems can
settle on rational expectations, starting from Marcet and Sargent (1989). The nonstationarities, caused by
the transient mistakes, are not innocuous: they invalidate standard tests of rational expectations models

that ignore those transient mistakes (see Bossaerts, 1995).

2.7 Nonstationarity

Because of the foregoing discussion, it is no surprise that econometricians have been long interested in
modeling nonstationarities in economic time series. Most statistics have been developed in the context of a
stationary regime switching paradigm, illustrated by the influential Hamiltonian switching model (Hamilton,
1989). In machine learning, the problem of jointly learning to forecast and to select the optimal algorithm
upon detecting a regime switch has become the object of much study recently (see, e.g., Jansch-Porto et al.,
2020).

The problem with stationary regime switching models is that they do not always fit economic reality.
The model in Adam et al. (2016), for instance, is one of slow convergence to rational expectations. Thus, the
environment is nonstationary. This is not to say that regime switching models cannot be used successfully

to understand forecasting in economics; a nice counterexample is Carvalho et al. (2023).

2.8 Surprise

Surprise has to be discussed due to its central importance in neuroscience, not only because neural signals
correlating with surprise are ubiquitous (Preuschoff et al., 2008), but also because of its critical role in
understanding psychopathology (Paulus et al., 2003). There are various ways to mathematically express
surprise, from concepts more familiar to economists such as the size of risk prediction errors — the driving force
behind GARCH models (Engle, 2001), to concepts from probability theory such as log posterior probabilities,
or concepts from information theory such as entropy (see the discussion in Modirshanechi et al., 2022).
Surprise simply measured as the size (absolute value or squared value) of the prediction error has played a
prominent role in understanding animal learning in psychology and neuroscience, as well as having influenced

machine learning, as we now discuss.

2.9 Pearce-Hall Prediction-Error Learning

One influential model where surprise plays a crucial role to ensure robustness in the face of changes in the

environment is the Pearce-Hall model. There, the learning rate in the Rescorla-Wagner adaptive expectations

3The influential Lucas model of consumption/saving and asset pricing (Lucas, 1978) is perhaps the best
example that it is possible, under rational expectations, for a self-referential economic system to be stationary.
In an experimental setting, various aspects of the Lucas model have been found to be robust to small mistakes.
Excess price volatility emerges, however (see Asparouhova et al., 2016). With simulations, one can also prove
that mistakes lead to spuriously high risk premia (see Adam et al., 2016).



rule, or in more sophisticated Temporal Difference (machine) learning, increases in proportion to the size of
the prediction error (surprise) (Pearce and Hall, 1980). This ensures that learning accelerates — prediction

errors more distant in the past are downweighted — upon outliers.

It can be maladaptive, however, in some environments where reverting outliers are a feature of the
environment. This is common in financial markets, where it has been estimated that 2/3 of outliers revert over
the short run (Brogaard et al., 2014). As mentioned in the Introduction, the Pearce-Hall rule accomplishes

exactly the opposite of what is required: rather than ignoring outliers, one reacts in a more extreme way.

2.10 Model-Reference Adaptive Control

Control engineers have long been interested in how to ensure robustness in standard dynamic control tech-
niques. The problem is that full optimization may lead to fragility — a small turbulence in the environment
may lead to inferior choice or even instability. In situations where the environment fluctuates too much,
there is no point in trying to optimize over the short epochs when there are no changes in the environment.
One approach, namely, to plan for the worst environment, has become popular in economics (Hansen and
Sargent, 2001; Wu and Sun, 2023), but has been deemed excessively pessimistic.

Since the 1950s, control engineers have advanced an approach referred to as Model-Reference Adaptive
Control (MRAC). The approach can best be understood as adding a supervisory system to traditional
feedback control. The goal is to adjust the parameters of the controller when the outcomes it generates
through interaction with the environment are surprising. Surprise is measured here as the deviation of
observed outcomes from those predicted by the supervisor using a reference model of the environment.
Industrial applications exist, among others, in robot impedance control (Zhang and Wei, 2017). Theoretical
analysis of MRAC instances focus on specification of the right reference model and assurance that control

remains stable for a wide range of realistic environments. A classical textbook is Nguyen (2018).*

The idea of MRAC is analogous to that of a human supervisor monitoring and adapting an electronic
autopilot. Camerer et al. (2024) provides an example of the autopilot supervision idea to modeling switches
from habitual to goal-directed behavior. An application of MRAC to portfolio investment can be found in
Berrada et al. (2025). There, surprise and the reference model are defined so MRAC provides a unique

globally robust extension of a locally quadratic regret criterion.

In sensorimotor control, reference models (called “teaching models”) are known to make movements of
limbs fast and flexible despite an ever-changing world, even if those movements can be shown to be sub-
optimal (Shadmehr and Mussa-Ivaldi, 1994; Kawato, 1999; Franklin and Wolpert, 2011). Applications of

4Some may not immediately recognize MRAC in our analysis because the reference model is generally
not made fully explicit in traditional accounts, instead limiting specification to that of a desired trajectory.
In addition, the goal in early versions of MRAC was to eventually match the desired trajectory, entirely
eliminating surprise. Later modeling acknowledges explicitly that desired trajectories may not be reachable,
and attention has turned to bounding of tracking errors. While traditional MRAC analysis assumes away
randomness, we explicitly allow for stochastics, thereby introducing new challenges. Stochastics have re-
cently been introduced into engineering applications as well. For instance, Herzallah (2020) provides a fully
probabilistic MRAC design, allowing the environment as well as the effect of the controller to be stochastic,
and using KL divergence as a measure of surprise. Here, we use as surprise metric the — simpler — squared
deviations from expectation. See also Bossaerts (2018); Berrada et al. (2025).



MRAC can also be found in the software behind neural prosthetics (Musallam et al., 2004). Kawato (1999)
hypothesized that higher cognition could also be driven by reference models.” The evidence presented in

this paper appears to confirm his hypothesis.

2.11 Reference Model

MRAC obviates the need to have correct cause-and-effect predictions about future states and to update those
when the environment changes, unlike in conventional probabilistic predictive processing models (Mansell
et al., 2025). It does so by introducting a reference model, which can be viewed as an idealized world where
control is easier to accomplish than in the real world. The agent then guides its interaction with (“control”
of) the real world to minimize expected surprise relative to the reference model. In a sense, the agent
wants outcomes that look like those in his idealized world, even if the agent could do better in particular
circumstances. In motor learning, for instance. the reference model may imply moving a limb along a
smooth, straight-line trajectory toward a target regardless of interfering forces. The resulting control may
not be optimal: in certain situations, the agent may prefer to give in to those interfering forces, because they
eventually lead to the same goal (trajectory endpoint) with less energy. But it may take time to realize that
the agent has landed in such a situation. In the meanwhile, doubt about the true environment leads her not
to give in to interfering forces because in other situations that may cause her to go completely astray. See
(Shadmehr and Mussa-Ivaldi, 1994).

2.12 Robust Expectations Adaptation

One can apply MRAC to forecasting. This was first done to explain the goal of certain brain regions in
tracking surprise (Bossaerts, 2018). We assume that humans are adapted to stationary environments and
therefore adopt a stationary Kalman filter as their reference model. Essentially, we hypothesize that humans
fail to recognize nonstationarity unless told explicitly. Explicit evidence in favor of this hypothesis can be
found in, e.g., Payzan-LeNestour and Bossaerts (2015). Instead, they behave as if the environment were
stationary, and compensate for regime shifts by continuously adjusting their learning rate. We build on this
to model forecasting prices in a market-like setting and test the model on data from a series of experiments.

We refer to the resulting forecasting model as Robust Expectations Adaptation.

2.13 Satisficing

The goal of MRAC is not to optimize, but to ensure robustness, which means that the “supervisor” will
interfere only when the controller generates prediction errors (surprise) different from the reference model.
In the model to be presented here, interference takes the form of adjustment of the learning rate. Note

that MRAC also predicts interference when surprise is smaller than expected. In engineering, where MRAC

SFrom p. 724 of Kawato (1999): “In the near future, the author expects major breakthroughs in the con-
cepts and computational theories of internal models entering into cognitive domains such as communication,
thinking, and consciousness, on the basis of their firm foundations in sensory motor integration.”



originated, this makes sense because too small a surprise (relative to the reference model) also signal that

the environment may have changed, not only large surprise.

By contrast, the behavior of an MRAC agent reflects satisficing (Simon, 1955), featuring an against of
intervention upon small surprise. Satisficing comes from the argument that one may need attend to other
tasks that requires more attention. As such, adaptation may be ill-advised when inattention is called for

because of limited attention scope (Sims, 2003).

Here, we account for the tension between the needs for attention and adaptation when analyzing our

data, by investigating the extent to which surprise prompts participants adjusting their learning rates.

3 Theory

There are two modules in MRAC, the controller and the reference model. In our application, the controller
is the entity that generates the actual forecasts. (Engineers often refer to the controller as the “plant.”) The
reference model is used as a supervisory tool: it generates its own predictions and its own prediction errors.
If the actual prediction errors from the controller deviate too much from the prediction errors generated
from the reference model, the supervising entity intervenes by adjusting the controller’s prediction model to

bring performance in line with that of the reference model.

Here, we propose REA as an implementation of MRAC with the standard Gaussian Kalman filter model
as reference. The supervisor uses this model to regularly adapt the learning rate « of the controller, who

uses standard adaptive expectations as in (1).

Specifically, the supervisor assumes a world in which observed scalar prices p are driven by an unobserved

state x following an autoregressive process:
Pt = Tt + Oy,

Ti41 = ATt + St,

where the errors (o, s¢) are independent of z;, Gaussian, and uncorrelated over time, such that Elo;] =
Els] = Eloss¢] = 0, E[(0;)?] = v? and E[(s;)?] = w?.

In the reference world, the standard Kalman filter provides optimal forecasts p; +1:6

Pit1 = Epevilpe, pi1,...] = a(pf + " (p: — pf))

where o* is a constant if we assume that the Kalman filter has reached its steady state. For example, if
a =1 (the state follows a unit root process, like in adaptive expectations), then o = 1, and hence pf, ; and
x; are co-integrated. « is traditionally referred to as “Kalman Gain,” but to tie our analysis more closely to

*

adaptive expectations in economics, we call it the “learning rate.” «* is then the optimal learning rate in

the reference world.

At the steady state, the expected size of the prediction error under the optimal learning rate, measured

SForecasts are optimal in that they minimize any strictly convex loss function.



as the squared value of p;41 — pj,,, is constant:

El(pey1 —pi1)? ] =Z > 0.

The controller uses standard adaptive expectations with a learning rate «, as in (1). Allowing for a # 1,

this means:

Piv1 = a(py +alpe —pf))- (3)

The core idea of MRAC is that « should change as a function of expected surprise. The supervisor,
interpreting the data through the lense of a standard Gaussian Kalman filter model and therefore expecting
constant squared prediction errors Z, adjusts the learning rate a of the controller whenever the actual
squared prediction errors deviate from expectations. This adjustment will be optimal, in the sense that it

will minimize expected surprise.

As before, define the prediction error generated by the controller as follows:

J— €
€t+1 = Pt+1 — Prya1-

Surprise at t + 1 is define as
2
(Qe41)? = ((ee+1)” = 2)) "

The goal is to choose a to minimize expected surprise

min E[(Qe41)°]- (4)

Here, the operator E[] is to be interpreted as the expectations of future surprise based on past observa-
tions. We elaborate on these expectations later. Under the usual conditions for interchange of differentiation

and integration, the following first-order condition obtains:
—4&E[Qt+1€t+1€t] = 0,

or:
El(er41)%et] — ZE[er41€] = 0.

If skewness of prediction errors is expected to be uncorrelated with past (signed) prediction errors” | i.e.,
if
El(er41)%e] =0,
then expected surprise is minimized by choosing « such that autocovariance of prediction errors is set to
Z€ro:

Choose « such that : Ele1€;] = 0.

"More general adaptation rules can be derived. For instance, if future prediction errors tend to be negatively
skewed following positive prediction errors (Chen et al., 2001), as may be the case in forecasting stock prices
for instance, then mild negative autocovariance should be tolerated. Indeed, if E[(e;+1)%¢] < 0 then the
first-order condition changes to Ele;1€;] = E[(er41)%e]/Z < 0.

10



The MRAC supervisor will therefore monitor autocovariance of the prediction errors generated by the
controller, and adjust the learning rate in the direction of minimal autocovariance. If autocovariance is
positive, the supervisor will infer that the controller does not learn fast enough (undershooting follows
undershooting), and the supervisor will increase the learning rate a. Conversely, if autocovariance is neg-
ative (overshooting follows undershooting), then overreaction to prediction errors is inferred, and « will be

decreased.

The adaptation policy boils down to:

Aoy x E(eter_1). (5)

Let us now clarify what the expectations operator E[] in (5) refers to, namely, prediction errors as
experienced by the supervisor over the recent past. The supervisor could estimate this autocovariance with
as little data as the prediction error in the current or immediately preceding period, i.e., as e;e;—1. This is

the estimate we will use our empirical analysis.

As emphasized in the Introduction, a major advantage of the adaptation rule in (5) is that it is inde-
pendent of the parametrization of the Kalman filter model. Only the constant of proportionality depends on
the specific values an agent assigns to parameters such as v? or 0?. Consequently, we can test whether agents
use MRAC with the Kalman filter model as reference without having to make more specific assumptions
about the model.

As mentioned before, this learning rate adjustment rule is the one proposed in Sutton (1992) and referred
to as the Delta-Bar-Delta algorithm in machine learning. Up until now, no specific motivation has been given,
except that it appeared to be reasonable to produce forecasts so that prediction errors become uncorrelated.

Here, we provide a justification for this adjustment rule in terms of MRAC.

The supervisor does not have to constantly monitor autocovariance. A more sensible rule that recognizes
bounds on cognitive effort would be to adjust the learning rate only if surprise reaches a minimum level,

such as when surprise surpasses median expected surprises. This leads to the following amended rule:

Acay x E(eges—1) when Q; > median(Q;). (6)

The amended adaptation policy could be useful in multitasking situations under limited attention, akin
to Sims (2003). Not monitoring tasks that generate less than median expected surprise would be an effective

way to ensure all attention goes to other tasks that generate more surprise than expected.

Remark that since the reference model has constant expected surprise (Z), there is no difference between
surprise relative to the reference model and surprise as defined in the Pearce-Hall model (we will be more
specific later on). The difference between Pearce-Hall and MRAC adaptation then boils down to the following:
the Pearce-Hall agent increases the learning rate as surprise increases; the MRAC agent changes the learning

rate in proportion to experienced autocovariance of prediction errors when encountering large surprises.
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4 The Data

We study almost 42,000 forecasts from Learning-to-Forecast Experiments (LtFEs) in which participants
were tasked with predicting quantities — referred to as “prices” — determined by aggregating individual
forecasts. The idea was to emulate price formation in self-referential markets, where prices were calculated
as a function of the average of individual forecasts. The experiments distinguished three major Treatments:
(i) Positive Feedback, where increases in average price forecasts caused the outcome (price) to increase
as well; (ii) Negative Feedback, where increases in average price forecasts caused the price to decrease; (iii)
Mixed Feedback, where price formation was based on price forecasts by two groups, one whose price forecasts

caused positive feedback, and another group whose price forecasts generated negative feedback.

Period
Time countdown
25 of 50
Your price
Period forecasts  Realized market price
Your price forecasts —— 3 .

3
Realized market price g

& & 8 3 8 8 §

—eay

Current period: 25
Risk-free asset interest rate: 5.00%
Expected dividend from risky asset: 3.30
Total earning you have earned: 518.84

Please input your forecasts for the
price of the risky asset for this [
period (up to 2 decimal points)

Figure 1. Sample computer interface from Bao et al. (2024). The market price is computed using
the following formula: p; = ﬁ(ﬁte + d) + e4, where pj denotes the average forecast of the cohort,
r =0.05, d = 3.3, and e, ~ N(0,1). This function has a equilibrium point (p; = p§) when p§ = 66.
To the right is a list of past periods, the participant’s forecasts in those periods, and the prices
obtained as a result of both the participant’s forecasts and those of others in the cohort. While
participants do not know the functional form of the pricing function — or that it is perturbed by
Gaussian noise — they are given the values of the parameters (risk-free rate, dividend) which enters
this function.

A typical market in the LtFEs comprised 6 to 9 participants, who each made between 50 and 65 consec-

utive forecasts of the price.® Participant payoffs were an inverse and quadratic function of their prediction

8The cohort size was 6 in all experiments, except Experiments 11 and 12, where 3 additional suppliers
(generating negative feedback) were introduced in the positive feedback condition, such that the total cohort
size increased to 9. Each experiment in our dataset consists of 50 consecutive forecasts, except Experiments
1-3 and 13-15, which used a within-subjects design and include approximately 20 consecutive forecasts per
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Figure 2. Sample price dynamics in positive (left panel) and negative feedback (right panel),
representing markets from Experiments 1-10 (positive feedback), and markets from Experiments 1-
10 13-15 (negative feedback), respectively. The dash line shows the equilibrium price under rational
expectations.

error. They had access to the entire history of their own past predictions and the realized market price, and
hence, the history of personal prediction errors. This information was presented graphically and numerically,
as illustrated in Figure 1. Time pressure was minimal: in early rounds, participants sometimes took up to
10 minutes to submit forecasts, but this dropped to five seconds or less in later rounds, depending on the

treatment. In later experiments, forecast decision time was capped at one minute.

The dataset was constructed from experiments in five studies: Bao et al. (2012, 2013, 2017), Bao and
Hommes (2019), and Bao et al. (2024). Considering each treatment in each study as a separate experiment,
we thus have data from 18 experiments. The total number of price forecasts that we obtain is 41,490. They
constitute forecasts generated by 801 individuals. Some of these individuals participated in more than one
“experiment” because we define “experiment” in terms of treatment, not the usual experimental session, and

many experimental sessions encompassed multiple treatments.

Across the five studies, there are 10 experiments with positive feedback markets, which we refer to as
Experiments 1-10. Experiments 11 and 12 feature mixed feedback. Experiments 13 to 18 feature negative
feedback. Appendix A provides detailed information on the 18 experiments. Sample experiment instructions
can be found in Appendix B.

In the negative feedback treatment, the forecasts rapidly converged to the outcomes. With positive

feedback, persistent bubbles and crashes emerged. The evidence suggested that these findings were robust

9

to the size of the cohort (number of participants in a market).” Typical price dynamics in positive and

negative feedback treatment can be found in Figure 2.

participant in each treatment.
9The results were also robust to changing from price to quantity or return forecasting, or changing forecast
horizon; see Bao et al. (2021). We do not discuss result from these robustness tests, however.
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Figure 3. Estimates of k; in (7), per experiment, with 95% confidence intervals Bonferroni-
corrected for multiple (18) testing (18 tests). Standard errors are corrected for clustering at the
participant level.

5 Results

We start our analysis with the standard adaptive expectations model in economics, where the learning rate
« is constant. Subsequently, we allow a to change as a function of the squared prediction error, as in the
Pearce-Hall model in machine learning. We then explore the MRAC model, whereby « should change in the

direction of autocovariance of prediction errors.

5.1 Imposing a Constant Learning Rate

Figure 3 plots the estimated learning rate o with 95% confidence intervals. The model is estimated on each
of the 18 experiments separately using random-effects at the participant level. Mathematically, letting pf’i

denote the price forecast of participant i in period ¢, and € the prediction error (= p; — p; ’i), we estimate:
Piy — Pt = Rh A+ Rae + L (7)

Here, the estimate of k1 allows us to infer the (constant) learning rate «, as in (1). Random-effects modeling
is reflected in the superscript i to the parameter kg, (in principle, this parameter should equal zero). &! 1118

a mean-zero noise term. Confidence intervals are robust for clustering at the participant level.'® In addition,

10Tn this paper, a participant is defined as an individual in a treatment. In some experiments, participants
remained the same across treatments. For the purpose of cluster correction of standard errors, the same
individual across different treatments is treated as different participants. Robustness tests demonstrate that
the results would not change qualitatively if we had clustered at the cohort level. Tests available from the
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confidence intervals have been adjusted for multiple hypothesis testing, to reflect the fact that 18 tests are

displayed.'!

In Experiments 1-10, feedback is positive. Imposing a constant « assumption, we find that « is either
insignificantly different from 1 or significantly above 1. This is consistent with evidence from the field:
Bordalo et al. (2020) likewise shows that professional forecasters of macroeconomic time series reveal learning
rates that are excessively high. It is also consistent with experiments in neuropsychology: in a model that
allows the learning rate to change across epochs but remain fixed within an epoch, Lee et al. (2020) show

that learning rates tend to be too high within epochs.

Still, even with such high learning rate, there is drift in prices (which is evident in the example in Figure
2, left panel) and hence, positive autocorrelation in prediction errors (documented in Table A.2). This
suggests that participants under-adjusted to forecast errors. In terms of MRAC prescriptions, their learning

rate was too small for expected surprise to be minimized.

Similarly, drift appeared in prices in the mixed-feedback treatment as well (Experiments 11 and 12), as
evidenced by the positive autocorrelation in the prediction errors (see Table A.2). There too, participants

should have adapted to a higher learning rate in order to minimize expected surprise.

By contrast, in the negative-feedback experiments (Experiments 13 to 18), as are consistently below 1.
There, prediction errors were negatively autocorrelated (as is evident from the example in the right panel of
Figure 2; see also Table A.2). This indicates that forecasts reacted too strongly to prediction errors, such
that as were too high. According to MRAC, they should be reduced.

Up to this point, our conclusions about the optimality of the learning rate o have rested on the assumption
that it should be constant. Yet the assumption itself is inappropriate in the setting studied here. As discussed
before, a constant « can only be optimal if no mistakes are ever made—that is, if forecasts, and thus prices,
always reflect rational expectations. Only in such a case would the data-generating process remain stationary
in the self-referential environment we study. This, however, is never observed in the experiments'?. We
therefore relax the assumption of constant a and turn to two models in which the learning rate is allowed

to vary over time.

5.2 Pearce-Hall Adaptation of Learning Rates

To test to what extent as increase with the size of the prediction error, as prescribed by the Pearce-Hall
Model, we first estimate learning rates, as follows. The approach may seem crude, but any estimation errors

should be absorbed by the error term in the regressions.

We proceed as follows. Consider the controller’s updating equation (3), where we add subscripts ¢ to (i)

the autoregressions a, to reflect that self-referentiality may cause non-stationarity in the outcome generating

authors upon request.

" Bonferroni-corrected 95% confidence intervals are within 2.99 standard errors of the coefficient estimates.
12Mistakes occur in all experiments regardless of the feedback system, as illustrated in Figure 2. Prices fail to
converge to rational expectations under positive feedback. Mixed-feedback settings display similar dynamics
to positive feedback. Even in negative-feedback markets, prices do not begin at rational expectations, and
large fluctuations persist even till the end of the experiment.
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process, and (ii) the learning rate «, to reflect that « may be updated by the supervisor:

Pii1 = a1 (Pf + a1 (pe — 05)) = g1 (Pf + py1€r) -

We can solve for a;y1, and after taking first differences, express the change in the learning rate as a

function of forecast updates and prediction errors:

Qi1 — O = pt+1 -

Pf+1—Pte_P§—Pf1_(1—at+1 e 1 —ay e)
Qt41€¢ at€r—1

at41€t Q€1

We assume that participants apply an autoregression coefficient a; that equals 1. This is implicitly
assumed in the standard adaptive expectations updating equation (1).!3 Tt allows us to estimate the change
in « as the change in the ratio of forecast updates and prediction errors:

€ € € €
_DPiy1 =P Pt —Pia
Q1 — Qp = - .

€t €t—1

Directly estimating the learning rate from the observed prediction errors causes a problem though, since
e, may be close to, or even equal to, zero even if that is unlikely'*. Hence, the estimate of the learning
rate would diverge, and the distribution of estimates of changes in the learning rate will become fat-tailed.
We could accommodate fat tails in regressions of those estimates on explanatory variables by means of

M-Estimation (robust estimation).

Robust estimation is one way we will try to overcome issues with our way of estimating the change in
the learning rate. Another way is to resort to discretization and explain the direction of changes in learning

rates (positive, negative, no change) using ordered logit estimation.

We implemented both approaches, but argue that the discretization results should be more reliable. As

we shall see, qualitatively no differences emerge.

We thus estimate the learning rates in two ways, one discrete, Model D, preferred, and the other one

continuous, Model C, more problematic because of fat tails in the distribution of the regressor.

(D) Direction of change Y;11:

e e e_. e
s Pey1—=Py Py P

+1 if e g >0
e P —Pp Py —Dy_

Y. — if Petr™Pe  Pe7Pion

o 0 o ay 0
_ se Pey1—=Py Py —Pio1

1 if ” o, <0

We explain Y;41 using ordered logit, allowing for random effects (intercept) at the participant level.

(C) Change itself:

Ay = P =Pi PP

€t €t—1

We explain A;y; using M-Estimation, allowing for fixed effects (intercept) at the participant level.

13Tt also means that participants perceive the future as a martingale, as any Bayesian would — Bayesian
posterior beliefs form a martingale under the Bayesian’s own beliefs (Doob, 1949).
14The prediction error is zero in 98 out of our 41,490 observations.
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Figure 4. Shown are estimates of logit estimation of A in (8), per experiment, with 95% confidence
intervals Bonferroni-corrected for multiple hypotheses testing (18 tests). Logit estimation allows
for random effects at the participant level (intercept); standard errors are corrected for clustering
at the participant level.

We discuss here the results based on Model D, postponing analysis of results based on Model C in a

section on robustness (Section 6).

Figure 4 displays results from logit estimation of Y}, ; (direction of change in «) as a function of the
Pearce-Hall driver, i.e., the change in surprise |e¢|.!> We report the results for (simple) logit rather than for
ordered logit since the middle state, where including Y; ;1 = 0 did not generate significantly different results,

and logit estimation is easier to interpret.

Mathematically, we therefore report results for the following model:
, —1 if 2 4+l < i,
Vi = A (8)
+1 gt < 2+,
where
2= Algigi>1a_,
and
ub
is noise that follows a logistic distribution with mean 0 and a scale parameter to be estimated.'® The variable

15 denotes a dummy variable for the event E. Note that the event “drop in surprise” {|ei| < |e!_,|} provides

15Subscripts 4 are added to reflect the panel structure of the data: one time series of forecasts per participant
i.

16The scale parameter is effectively allowed to change across participants since we report standard errors
that allow for clustering at the participant level.
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the baseline. Note also that we allow for random effects at the participant level, captured by the (random)

parameters p'.

Panel A of Table A.3 - Table A.5 list the parameter estimates, standard errors and corresponding p-values
on which Figure 4 is based. Confidence intervals (95%) are adjusted for multiple hypothesis testing using
Bonferroni correction. Except for one positive feedback experiment, and the two mixed positive/negative

feedback experiments, the change in size of prediction error has no impact on the learning rate.

So, overall we fail to find support for the Pearce-Hall Model of learning rate adjustment to universally
explain participants’ strategy. This may seem to contradict recent evidence in Carvalho et al. (2023), who
find that the learning rate in inflation forecasting increases substantially, but only after episodes of large
prediction errors. Their model is one of regime switches, not unlike those applied to restless bandit problems,
as in Payzan-LeNestour and Bossaerts (2015). In contrast, the Pearce-Hall model continuously alters the
learning rate as a function of surprise, not just when there is evidence of a regime switch. It implements what
is referred to in computational neuroscience and computer science as “model-free reinforcement learning”
(Lee et al., 2020).

5.3 Robust Expectation Adaptation (REA)

We now test REA, implementing MRAC with the Gaussian Kalman filter as the reference model. We do
so by using ordered logit modeling with Y;;1 as dependent variable (the direction of change of «). As
explanatory variables, we construct dummy variables for (i) the magnitude of surprise and (ii) the sign of
prediction error autocovariance. Binary magnitude categories are constructed by using a median split of
surprise as experienced per participant. The categories are referred to as “low” (below-median |e;|) and
“high” surprise (above-median |et|). Autocovariance is estimated simply as the product of two previously

experienced prediction errors, as proposed before. That is, autocovariance in trial ¢ is estimated as

€t€r_1.

The logit regression also includes an interaction term between the surprise and autocovariance categorical

variables.

Mathematically, after adding subscripts ¢ to denote participant-specific variables, we estimate the fol-
lowing model:
-1 if Zz ‘Hﬁ < :ulia
YVipi=19q 0 if pf <zf4n) <pb, 9)
+1 i ph < zf + g,
where

trt—1

>0} T BL{jei | <median(ler)} F O1{|ef|<median(lei)} L {eiei_, >0}
and
U8
is noise that follows a logistic distribution with a scale parameter independent of ¢ (but standard errors

are corrected for clustering at the participant level). Note that the joint events “high surprise” {|e}| >
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median(|e?|)} and “non-positive autocovariance” {eiei_; < 0} provide the baseline. Note also that we allow

for random effects at the participant level, captured by the (random) parameters ut and ub.

Figure 5 shows how the autocovariance/surprise categories affect the probability that Y41 = —1 (a
decrease in learning rate «), ;41 = 0 (no change in «), and Y41 = +1 (an increase in «). For instance,
in Experiment 4, when surprise (absolute value of prediction error) is large and autocovariance is positive
(wheat color), it is unlikely that the learning rate decreases (probability & 0.25); instead it is highly likely
that the learning rate increases (probability ~ 0.75).

The probabilities displayed in Figure 5 are obtained as follows. First,
P(Y:41 = —1|surprise above median, autocov > 0) = A(n: < iy — ),

where A denotes the logistic distribution function and @, denotes the estimate of the mean value of the

incidental parameters {u%, i = 1,2,...,I}. Second,

P(Y;+1 = +1|surprise above median, autocov > 0) = A(fiy — v < n¢).

Analogously, if surprise is large and autocovariance is negative (gold color), then the learning rate is
likely to decrease (probability ~ 0.7) while it is unlikely to decrease (probability = 0.3). These probabilities

are computed from the estimated parameters by computing
P(Y:41 = —1|surprise above median, autocov < 0) = A(n: < [i7)

and

P(Yi41 = +1|surprise above median, autocov < 0) = A(fig < n;).

Inspection of Figure 5 reveals that the ordering of the effect of the autocovariance/surprise categories
supports our hypothesis that (i) in all experiments, « changes in the direction of autocovariance; (ii) Except

in Experiment 2, such changes are less likely when surprise is low.

This conclusion would not have obtained if the parameters had not displayed the signs that we expected.
Specifically, v > 0, so when surprise is large (1 {lei|<median} = 0), positive autocovariance of prediction errors
increases the chance that the learning rate « increases (while decreasing the chance that the learning rate
decreases); (ii) & < 0, so that low surprise reduces the chance of a change in the learning rate relative to

high surprise.

Table 1 lists the numerical estimation results on which the probabilities displayed in Figure 5 are based.

p-values are Bonferroni-corrected, and standard errors are corrected for clustering at the participant level.!”

Altogether, the evidence is fully consistent with Robust Expectations Adaptation (REA) following the
prescription of MRAC: participants choose learning rates « that change in the direction of the autocovariance
of prediction errors when encountering large surprises (7 > 0). This ensures robustness because it minimize

expected surprise with respect to a reference model, the Gaussian Kalman filter model.

ITWe also re-tabulate Table 1 using standard errors clustered at the cohort level. The results are presented
in Table A.6. Overall, the findings remain similar.
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Figure 5. Estimated probabilities are color-coded per conditioning event: wheat (large surprise, +
autocov), gold (large surprise, — autocov), teal (small surprise, + autocov) and red (small surprise,
— autocov). Colors are rendered in different orders across panels, to enhance readability. When
conditional probabilities corresponding to colors rendered later are smaller than those for colors
rendered earlier, they are visible only through darkening of the earlier colors. E.g., in top panel,
Experiment 16, colors are rendered in the following order: wheat, teal, red, gold. There, probability
conditional on red (small surprise, — autocov) is smaller than probability conditional on teal (small
surprise, + autocov), causing wheat and (in part) teal to show darker. Order of color rendering in
middle panel: red, teal, gold, wheat. Color rendering in bottom panel: gold, red, teal, wheat.
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Table 1. Ordered-logit modeling of direction of change in learning rate a, Robust Expectations
Adaptation Model REA. Listed are estimates of the parameters of the equation displayed in (9),
per Experiment. Robust standard error clustered at participant level in parentheses. p values in
brackets; p values for v, and 8 are Bonferroni-corrected for multiple hypothesis testing (54 tests).

Panel A: Positive feedback
Experiment (1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

5 171 104 163 209 193 192  1.90 158 178  2.02
(0.20) (0.15) (0.17) (0.11) (0.09) (0.10) (0.10) (0.11) (0.15) (0.24)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

5 127 037 -1.08 -112 080 -0.65 -0.86 -0.75 -1.24 -0.98
(0.27)  (0.25) (0.25) (0.15) (0.14) (0.14) (0.12) (0.18) (0.21) (0.25)
[0.000] [1.000] [0.001] [0.000] [0.000] [0.000] [0.000] [0.002] [0.000] [0.004]

8 067 -018 040 053 026 028 038 022 071 056
(0.22)  (0.20) (0.19) (0.12) (0.10) (0.11) (0.09) (0.15) (0.14)  (0.20)
(0.118] [1.000] [1.000] [0.000] [0.446] [0.517] [0.001] [1.000] [0.000] [0.228]

fix 068 015 047 087 063 066 069 057 070  1.05
(0.17)  (0.12) (0.13) (0.08) (0.06) (0.07) (0.06) (0.09) (0.10) (0.19)
0.000] [0.189] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

iz 089 025 054 091 065 069 073 065 077 111
(0.17)  (0.13) (0.13) (0.08) (0.06) (0.07) (0.07) (0.08) (0.11) (0.19)
[0.000] [0.047] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

Observations 894 1,077 994 4,598 4,590 4,594 4,590 2,283 2302 1,152
Number of Participants 48 48 48 96 96 96 96 48 48 24

Panel B: Mixed and negative feedback
Experiment (11) (12) (13) (14) (15) (16) (17) (18)

~ 404 402 216 1.82 203 130 115  1.29
(0.35)  (0.24) (0.19) (0.19) (0.22) (0.22) (0.15) (0.20)
0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

5 184 200 -185 -1.51  -1.52  -1.50 -1.35  -1.17
(0.36) (0.27) (0.24) (0.24) (0.23) (0.29) (0.18) (0.26)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

B 113 097 123 060 054 077 065 057
(0.36) (0.26) (0.19) (0.15) (0.16) (0.18) (0.11) (0.13)
0.086] [0.010] [0.000] [0.004] [0.035] [0.001] [0.000] [0.000]

fir 264 221 105 043 049 049 037 043
(0.33)  (0.22) (0.15) (0.13) (0.18) (0.15) (0.10) (0.11)
0.000] [0.000] [0.000] [0.000] [0.005] [0.001] [0.000] [0.000]

2 269 239 166 112 127 072 071 089
(0.33)  (0.23) (0.14) (0.14) (0.13) (0.14) (0.09) (0.14)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

Observations 2,160 2,586 910 1,088 998 1,150 2,012 1,726
Number of Participants 45 54 48 48 48 24 42 36
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The evidence suggests, however, that learning rates are modulated more intensely when surprise (size of
the prediction error) is larger (6 < 0). This is consistent with the idea that adaptation does not take place
continuously, but only when surprise is sufficiently large. As such, our findings also confirm the experimental
results in a very different forecasting task, d’Acremont and Bossaerts (2016). There, frequent outliers

(leptokurtosis) complicated forecasting; here, prediction was made difficult because of self-referentiality.

6 Robustness

We now investigate the robustness of our results by changing the nature of both the dependent and inde-

pendent variables, properly adjusting estimation protocol if this is needed.

6.1 From Ordered Logit to Logit

We re-estimate (9) after excluding the middle outcome—i.e., cases where there is no change in «. This

simplification is justified, as the middle state accounts for only 3% of the observations.

The resulting model for YtZ_H is a binary specification, with z defined as in Equation (9).

o . , (10)
+1 if pt <z 4y

i { =1 if 2y < gt

t+1 =
The estimation results are presented in Panel A of Tables A.7, A.8, and A.9, corresponding to the
positive, mixed, and negative feedback experiments, respectively. The parameter estimates remain consistent
with those from the previous ordered logit specification: we find v > 0 in all experiments. We therefore
conclude that our inference is unaltered when switching from ordered logit to standard logit estimation.
We conclude that participants’ behavior is consistent with REA. Essentially, this means that participants
impute robustness in applying adaptive expectations by changing the learning rate to minimize expected
surprise relative to the Kalman filter model. Further, we find 6 < 0 in all but Experiment 2, indicating
that modulation following REA occurs only in tasks requiring more attention—namely, when surprise is

sufficiently high.

6.2 Continuous Measurement of Surprise

We have been focusing on how the learning rate changes in response to a surprise that is above or below the
median experienced by a participant in an experiment. In this section, we investigate robustness, replacing
discretized surprise with its continuous analogue. This estimation is based on a simplified model that excludes
the middle state.

Mathematically, we estimate (10) but define 2} as follows:

Zz = 71{636171>0} + ﬁ|€;| + 5|€;|]‘{€767 >0} (11)

trt—1
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The results are reported in Panel B of Table A.7, A.8, and A.9, corresponding to the positive, mixed,
and negative feedback experiments, respectively. We find evidence of REA in all experiments because
learning rates increase when there is positive autocovariance (y + d > 0, given that |e}| is almost never zero
and therefore is strictly positive!®). Further, in 16 out of 18 experiments, we find § > 0, suggesting that
adjustments in the learning rate in the direction of autocovariance occur more frequently when participants

experience larger prediction errors. This pattern is consistent with the efficient allocation of attention.

6.3 Heterogeneity in Response to Autocovariance in Prediction

Errors

Up to this point, we have forced ~ to be constant across participants in our estimation. This assumes that
all participants share the same propensity to increase their learning rate in response to autocovariance of
prediction errors when encountering large surprises. This is a strong assumption. If this propensity differs

across participants, estimates of other parameters may be biased.

In this section, we examine whether allowing for heterogeneity in « changes our inference. Estimates
are obtained within a linear regression framework, as standard statistical packages do not support slope
heterogeneity in logistic models. If the parameter estimates remain consistent regardless of whether slope

heterogeneity is allowed in a linear regression, it would suggest that our results are robust to heterogeneity.

We proceed as follows. Building on the discrete explanatory variable of increase/decrease in surprises as
in (10), and additionally allowing for fixed effects at the level of the intercept, we first estimate the following
model where slope homogeneity is assumed:

Vi =u'+ 2+ (12)

where

2% = Ve, >0y T BL{leii<median(er)y F OLgjci|<medianlei)} Leiei >0}

t t—1
and

)

M
is mean-zero noise, with variance to be estimated and fixed across i.

733}
(3

We then relax the assumption of slope (y) homogeneity. We add superscripts to v and estimate:

Zi = 72'1{6',‘:6';_1>0} + /81{\62|<median(|ei|)} + 61{\6i|<median(\ei|)}l{e'f‘:ei_1>0}'

Estimation results for the models without (Panel A) and with (Panel B) slope heterogeneity are reported
in Tables A.10, A.11, and A.12. These tables correspond to the positive, mixed, and negative feedback
experiments, respectively. First, we find that the estimates and standard errors are consistent across the
two panels, suggesting that allowing for slope heterogeneity in the linear regression has little impact on
the results. Second, compared to the ordered-logit estimates with random intercepts but constant ~, the

linear models with fixed intercepts yield similar patterns: in 17 out of 18 experiments, we observe v > 0 or

18 Among the 41,490 observations, surprise is zero in only 98 instances.
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mean(y’) > 0, in addition to § < 0. We therefore conclude that our results are robust to heterogeneity in

intensity of adjustment of the learning rate to autocovariance.

6.4 Continuous Measurement of Changes in the Learning Rate
(Model C)

The analyses so far treated updates in the learning rate « as a discrete variable, capturing only the direction
of change (increase or decrease). We now switch to the continuous version of the estimated change in the

learning rate and estimate the following model:
Afy =1+ 2+ (13)

where
2 ="e_,>00 + BLici | <median(ei))} T OL{jcf|<median(lei)) Lciei_, >0}
and
m,
is noise with mean zero and variance to be estimated. We implement robust regression (M-estimation) with

fixed effects on the intercept, to mitigate the influence of outliers in the dependent variable.

The results are presented in Panel A of Tables A.13, A.14, and A.15, corresponding to positive, mixed,
and negative feedback treatments, respectively. Across all but one experiment (Experiment 2), we find
evidence of REA because learning rates increase when autocovariance is larger (v > 0). However, we lose
the interaction effect with surprise (6 = 0) except in three experiments in the negative feedback treatments,
suggesting that the propensity of learning rate adjustment remains constant regardless of the magnitude of
surprise. The reduced explanatory power of the interaction term is likely because the model attempts to

explain a continuous dependent variable using only three binary independent variables.

Surprise is measured discretely, however, based on a median split per participant. We re-run the estim-

ation allowing for continuous changes in surprise, as in (11). That is, we estimate the following:
Afyy =1+ 2+ (14)

where

Z; = ’)/1{6161 >0} + ﬁ|6;| + 5‘€i|1{6;€i—1>0}

tt—1
and
;
is noise with mean zero and variance to be estimated. We continue with robust regression (M-estimation)

with fixed effects on the intercept, to mitigate the influence of outliers in the dependent variable.

The results are presented in Panel B of the same tables. The estimation demonstrates reduced explan-
atory power compared to when surprise is discretized. We find evidence of REA (v + § > 0, given that
€] is almost never zero and therefore is strictly positive) in 14 out of 18 experiments. Further, only 8 of

them exhibit an increasing propensity for REA adjustment when surprises are large (6 > 0). However, it
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is important to note that M-estimation only addresses fat-tail issues in the dependent variables but not in
the independent variables (i.e., the magnitude of surprises). Consequently, the inference drawn from Panel

B may be misleading.

6.5 Pearce-Hall Re-visited with Continuous Recording of Learn-

ing Rate Changes

Finally, we revisit the Pearce-Hall model by examining whether an increase in surprise leads participants to
increase their learning rates when these rates are measured continuously (Model C). The results, based on
M-estimation, are presented in Panel B of Tables A.3, A.4, and A.5. We observe that Pearce-Hall model
provides no explanatory power in any experiment. Worse, the estimated coeflicient v has the opposite sign
(negative instead of positive) from what is expected in 7 out of 18 experiments. We therefore conclude that

the poor fit of the Pearce-Hall model is a robust finding.

7 Conclusion

Analyzing over 40,000 forecasts in 18 experiments with self-referential price determination, we find that
the data are consistent with a key approach from engineering that ensures robustness in control. In this
approach, the standard adaptive expectations protocol is “supervised” and its learning rate is adapted to
minimize expected surprise. Expected surprise is measured against a reference model, which we took to be
the Kalman filter model. Expected surprise minimization can then be reached by changing the learning rate

in proportion to autocovariance of prediction errors.

Our data supports this conjecture, though learning rate adaptation generally occurs only if surprise
is above the median level experienced by a participant. This is consistent with the observation from a
previous experiment in a different setting (forecasting a target whose movements are subject to leptokurtosis):
participants change the learning rate only if surprise is sufficiently high (d’Acremont and Bossaerts, 2016;
Bossaerts, 2018). This is also consistent with theory on limited attention (Sims, 2003): the supervisor pays
attention to the learning rate only when it is deemed necessary, given that there are competing demands on

attention; while the standard adaptive expectations protocol can be executed without attention.

We discover several additional features in our forecasting data.

e When fitting the traditional adaptive expectations model with a constant learning rate, we typically
find that the estimated learning rates are too low in settings with positive or mixed feedback, and too
high in settings with negative feedback. This pattern is consistent with the findings of Bordalo et al.
(2020), who attribute such deviations from optimal learning to belief distortions. Instead, we explain
it as the result of concern for robustness: agents adapt the learning rate optimally, but only when the

level of surprise they experience exceeds a threshold.

e The neuropsychology literature has also been reporting excessive learning rates. See, e.g., Lee et al.

(2020). In contrast, in a experiment with regular regime switches, Behrens et al. (2007) observed that

25



learning rates were (Bayes-)optimal. But their participants were told of possible contingency shifts,
however, and were provided with extensive practice to adjust to these contingency shifts. Payzan-
LeNestour and Woodford (2022) demonstrate that humans need to be told about the presence of
contingency shifts; otherwise they apply a constant learning rate. The latter article does not report

whether that learning rate was excessive, however.

Camerer and Li (2021) have recently proposed that humans switch between an “autopilot” or “ha-
bitual” choice phase and a “goal-directed” choice phase depending on “doubt.” This theory maps into
REA if (i) standard adaptive expectations with a constant learning rate can be interpreted as a ha-
bitual forecasting approach, (ii) adjustment of this learning rate is the equivalent of “goal-directness”,
while (iii) doubt correlates with surprise. Our theory has an over-arching principle, however, which is
to impute robustness in choice mechanisms that otherwise would become too fragile if left unsuper-
vised. This is achieved by prescribing optimal adjustment to reach minimal expected surprise relative

to a reference model.

Payzan-LeNestour and Woodford (2022) show that humans exhibit “outlier blindness,” i.e., that they
have difficulty acting correctly upon an outlier event. REA demonstrates that human behavior is
adapted to outlier blindness: (i) outliers lead to surprise, and surprise forces humans to get out of
their “autopilot;” (ii) expectations adaptation upon surprise is robust because expected surprise is
measured relative to a reference model, consistent with MRAC. In other words: yes, humans exhibit
outlier blindness, but, then again, the brains appear to be able to recruit a supervisory system that

ensures that the blindness is dealt with in a robust way.

Surprise can be modeled in other ways besides the distance between the prediction error and a reference
model’s expectation of this prediction error (Modirshanechi et al., 2022). We chose to define surprise
as the squared deviation of the squared prediction error relative to its expectation under the reference
model. This definition was also used in Bossaerts (2018). In an investments context, the definition
can be derived as a unique globally robust extension of a locally quadratic regret criterion (Berrada
et al., 2025). Our definition is also in line with non-stochastic MRAC applications, where surprise is

modeled as the squared tracking error (Nguyen, 2018).1

The implications of REA for portfolio analysis have been explored elsewhere; see Berrada et al.
(2024). Surprising behavior emerges, such as mean-variance optimization for a large set of reference

risk-reward trade-offs, as well as willingness to invest in risky assets even if there is no reward for risk.

We assume the standard Kalman filter as the reference model and change the learning rate flexibly

to ensure expected surprise is minimized. This leads to the prescription that the learning rate has to be

changed in the direction of the autocorrelation of prediction errors. This aligns with the prescription of the

Delta-Bar-Delta learning algorithm (Sutton, 1992). It is worth noting that, when another reference model

is used to define surprise, a different prescription may ensue.

We do not, however, have a theory of the nature of the reference model that is being used, and how

quickly it changes. We used the Kalman filter since it provides a simple representation of an ever-changing

world, and because it has recently been the focus of analysis in the economics literature on macro-forecasting

9Probabilistic versions of MRAC have recently been proposed whereby the distance between outcomes in
the reference model and in the real world is defined in terms of KL divergence; see, e.g., Herzallah (2020).
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(Bordalo et al., 2020). A possible avenue for future research is to consider alternative forms of reference

models and test whether they generate the wide variety of learning algorithms observed empirically.

In the empirical examination, we have provided only crude evidence in favor of MRAC. Because the data
we analyzed here came from an experiment that was designed with other goals in mind, we at best have
only confirmatory evidence that, in forecasting in non-stationary, self-referential systems, humans act as if
minimizing expected surprise relative to a simple Kalman filter model. It is not clear whether this behavior is
generic. We already pointed out that MRAC behavior may be maladaptive if the environment is sufficiently
stationary for the agent to fully learn to optimize. As an example, we argued that sensorimotor control that
insists on always minimizing surprise relative to a linear trajectory may not lead to energy minimization.
Future research should develop experimental paradigms to explore this apparent tension between MRAC’s

“satisficing” behavior and the more standard optimization on which economic theory has been built.
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Table A.1. Data Sources

Experiment Treatment

Source

Detalils

Panel A: Positive Feedback

1 Fundamental value (FV) = 56 Bao et al. (2012),
JEDC

2 FV =41

3 FV =62

4 High Theory of Mind (ToM) Bao et al. (2024),
JEBO

5 Medium High ToM

6 Medium Low ToM

7 Low ToM

8 Price prediction Bao et al. (2017),
EJ

9 Price prediction & quantity decision

10 Demand side only Bao and Hommes (2019),

Panel B: Mixed feedback

11 Demand and supply-side,

JEDC

low price elasticity of supply (PES)

12 Demand and supply side, high PES

Panel C: Negative feedback

13 Fundamental value (FV) = 56 Bao et al. (2012),
JEDC

14 FV =41

15 FV =62

16 Price prediction Bao et al. (2013),
EER

17 Price prediction and quantity decision

18 Price prediction, paired with another participant

who makes quantity decision

N = 960; Cohort size = 6; 8 cohorts; T = 20;
E(|€']) = 0.97; E[Var(|¢'])] = 8.03

N = 1,104; Cohort size = 6; 8 cohorts; T = 23;
E(|é']) = 0.57; E[Var(|¢'])] = 2.46

N = 1,056; Cohort size = 6; 8 cohorts; T = 22;
E(|é!]) = 0.74; E[Var(|¢'])] = 1.19

N = 4,800; Cohort size = 6; 16 cohorts; T = 50;
E(|€!]) = 13.56; E[Var(]¢'])] = 1,807.10

N = 4,800; Cohort size = 6; 16 cohorts; T = 50;
E(J€']) = 16.25; E[Var(|¢'|)] = 2,317.83

N = 4,800; Cohort size = 6; 16 cohorts; T = 50;
E(|€l|) = 16.04; E[Var(|¢i])] = 3,259.39

N = 4,800; Cohort size = 6; 16 cohorts; T = 50;
E(|€]) = 26.80; E[Var(|¢|)] = 4,450.37

N = 2,400; Cohort size = 6; 8 cohorts; T = 50;
E(|€l]) = 1.27; E[Var(|¢'])] = 4.09

N = 2,400; Cohort size = 6; 8 cohorts; T = 50;
E(|€']) = 7.67; E[Var(|¢'])] = 19,607.31

N = 1,200; Cohort size = 6; 4 cohorts; T = 50;
E(|e']) = 11.78; E[Var(|€'])] = 1,089.68

N = 2,250; Cohort size = 9; 5 cohorts; T = 50;
E(J€']) = 17.01; E[Var(|¢!])] = 178.12

N = 2,700; Cohort size = 9; 6 cohorts; T = 50;
E(J€']) = 3.39; E[Var(|¢!|)] = 20.24

N = 960; Cohort size = 6; 8 cohorts; T = 20;
E(|€']) = 2.31; E[Var(]¢!|)] = 20.54

N = 1,104; Cohort size = 6; 8 cohorts; T = 23;
E(|€']) = 3.43; E[Var(|€!|)] = 52.67
N = 1,056; Cohort size = 6; 8 cohorts; T = 22;
E(|€']) = 3.59; E[Var(|¢!])] = 91.61

N = 1,200; Cohort size = 6; 4 cohorts; T = 50;
E(|€']) = 2.46; E[Var(|¢'])] = 18.51

N = 2,100; Cohort size = 6; 7 cohorts; T = 50;
E(|€']) = 4.46; E[Var(|€!])] = 44.50

N = 1,800; Cohort size = 6; 6 cohorts; T = 50;
E(|€']) = 3.52; E[Var(|¢!])] = 26.30

33



Table A.2. Kalman filter with constant gain: Estimates of k1 in (7), per experiment, with 95%
confidence intervals Bonferroni-corrected for multiple hypotheses testing (18 tests). Standard errors
are corrected for clustering at the participant level.

Experiment Mean E(eie;11)
Positive feedback

1 0.90
2 0.01
3 0.26
4 217.90
5 156.15
6 74.32
7 704.82
8 0.54
9 41.81
10 152.99
Mized feedback

11 351.31
12 19.09
Negative feedback

13 -6.35
14 -14.16
15 -18.98
16 -8.77
17 -14.18
18 -9.22
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Table A.3. Pearce-Hall in positive feedback experiments. Logit estimation for panel data with
random intercepts (Panel A) and M-estimator with fixed effects (Panel B). Standard errors in
parentheses, robust for clustering at the participant level, and Bonferroni-corrected (for 18 tests);
p-values in brackets.

Experiment (1) (2) ®3) (4) (5) (6) (M) (8) 9 (10

Panel A: Dependent variable =Y

A 0.21 0.14 -0.21 0.03 -0.00  -0.00 0.01 0.13 -0.23 0.52
(0.13) (0.16) (0.17) (0.07) (0.08) (0.07) (0.07) (0.10) (0.11) (0.16)
[1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [0.846] [0.030]

Constant 014 018 049 032 042 042 037 008 037 005
(0.08) (0.09) (0.11) (0.04) (0.04) (0.04) (0.03) (0.06) (0.07) (0.10)
[1.000] [0.817] [0.000] [0.000] [0.000] [0.000] [0.000] [1.000] [0.000] [1.000]

Observations 852 1,053 978 4,558 4,576 4,572 4551 2246 2,269 1,138
Number of Participants 48 48 48 96 96 96 96 48 48 24

Panel B: Dependent variable = A

A 0.13 1.11 0.51 0.20 0.05 -0.02 0.33 0.16 -0.59 0.66
(0.30) (0.68) (0.87) (0.29) (0.42) (0.38) (0.34) (0.12) (0.26) (0.43)
[1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [0.501] [1.000]

Observations 852 1,053 978 4,558 4,576 4,572 4,551 2,246 2,269 1,138
Number of Participants 48 48 48 96 96 96 96 48 48 24
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Table A.4. Pearce-Hall in mixed feedback experiments. Logit estimation for panel data with
random intercepts (Panel A) and M-Estimation with fixed effects (Panel B). Standard errors in
parentheses, robust for clustering at the participant level, and Bonferroni-corrected (for 18 tests);
p-values in brackets.

Experiment (11) (12)

Panel A: Dependent variable = Y

A 0.39 0.46
(0.10)  (0.10)
[0.001] [0.000]
Constant 0.24 0.16
(0.07)  (0.06)
[0.005] [0.217]
Observations 2,142 2,513
Number of Participants 45 54

Panel B: Dependent variable = A

A 0.34 0.33
(0.12)  (0.17)
[0.136] [0.947]

Observations 2,142 2513

Number of Participants 45 54
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Table A.5. Pearce-Hall in negative feedback experiments. Logit estimation for panel data with
random intercepts (Panel A) and M-Estimator with fixed effects (Panel B). Standard errors in
parentheses, robust for clustering at the participant level, and Bonferroni-corrected (for 18 tests);
p-values in brackets.

Experiment (13) (14) (15) (16) (17) (18)

Panel A: Dependent variable =Y

A -0.39 0.04 0.17 -0.02  -0.03 -0.04
(0.18) (0.16) (0.16) (0.13) (0.11) (0.11)
[0.617] [1.000] [1.000] [1.000] [1.000] [1.000]

Constant 0.06 -0.08 -022 -0.00 000 -0.02
(0.09)  (0.09) (0.09) (0.07) (0.06) (0.06)
[1.000] [1.000] [0.204] [1.000] [1.000] [1.000]

Observations 791 918 826 1,087 1,846 1,537
Number of Participants 48 48 48 24 42 36

Panel B: Dependent variable = A

A -0.56  -0.15 0.14 -0.04 -0.08 -0.03
(0.21) (0.13) (0.13) (0.11) (0.10) (0.09)
[0.171] [1.000] [1.000] [1.000] [1.000] [1.000]

Observations 791 918 826 1,087 1,846 1,537
Number of Participants 48 48 48 24 42 36
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Table A.6. Ordered-logit modeling of direction of change in learning rate o, Robust Expectations
Adaptation REA. Listed are estimates of the parameters of the equation displayed in (9), per
Experiment. Robust standard errors clustered at cohort level in parentheses. p-values in bracket;
those for «, d, 5 are Bonferroni-corrected for 54 tests.

Panel A: Positive feedback
Experiment (1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

~ 171 104 163 209 193 192 190 158 178  2.02
(0.16)  (0.16) (0.21) (0.14) (0.09) (0.12) (0.12) (0.15) (0.18) (0.20)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

5 127 037 -1.08 -1.12 080 -0.65 -0.86 -0.75 -124 -0.98
(0.15)  (0.26) (0.21) (0.20) (0.14) (0.15) (0.16) (0.24) (0.35) (0.08)
[0.000] [1.000] [0.000] [0.000] [0.000] [0.001] [0.000] [0.086] [0.021] [0.000]

B 067 -018 040 053 026 028 038 022 071 056
(0.14)  (0.29) (0.22) (0.17) (0.12) (0.12) (0.12) (0.20) (0.15) (0.03)
[0.000] [1.000] [1.000] [0.081] [1.000] [1.000] [0.113] [1.000] [0.000] [0.000]

fix 068 015 047 087 063 066 069 057 070  1.05
(0.13)  (0.18) (0.18) (0.11) (0.06) (0.08) (0.09) (0.13) (0.09) (0.21)
[0.000] [0.397] [0.009] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

iz 089 025 054 091 065 069 073 065 077 111
(0.13)  (0.21) (0.15) (0.11) (0.06) (0.08) (0.09) (0.11) (0.10) (0.20)
(0.000] [0.230] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

Observations 894 1,077 994 4598 4,590 4,594 4,590 2,283 2,302 1,152
Number of Participants 48 48 48 96 96 96 96 48 48 24

Panel B: Mixed and negative feedback
Experiment (11) (12) (13) (14) (15) (16) (17) (18)

5 404 402 216 1.8 203 130 115  1.29
(0.39)  (0.16) (0.16) (0.25) (0.16) (0.32) (0.20) (0.24)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.003] [0.000] [0.000]

5 184 200 -185 -151 -152 150 -1.35  -1.17
(0.41)  (0.26) (0.24) (0.33) (0.32) (0.14) (0.32) (0.43)
(0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.001] [0.380]

B 113 097 123 060 54 077 065 057
(0.43) (0.27) (0.20) (0.15) (0.19) (0.10) (0.18) (0.25)
(0.473] [0.019] [0.000] [0.004] [0.265] [0.000] [0.014] [1.000]

fix 264 221 105 043 049 049 037 043
(0.36) (0.19) (0.13) (0.16) (0.21) (0.21) (0.11) (0.11)
[0.000] [0.000] [0.000] [0.009] [0.018] [0.019] [0.000] [0.000]

iz 269 239 166 112 127 072 071 0.89
(0.35)  (0.23) (0.12) (0.15) (0.08) (0.09) (0.13) (0.24)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

Observations 2,160 2,586 910 1,088 998 1,150 2,012 1,726
Number of Participants 45 54 48 48 48 24 42 36
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Table A.7. Logit modeling of direction of change in learning rate o, Robust Expectations Adapta-
tion REA, in positive feedback experiments. Listed are estimates of the parameters of the equation
displayed in (10) and (11), per Experiment. Robust standard errors clustered at participant level
in parentheses. p-values in bracket; those for 7, d, 3 are Bonferroni-corrected for 54 tests.

Experiment v ® B @ 6 6 O ® O 0

Panel A: Discrete explanatory variable

y 1.76 1.05 1.63 2.10 1.94 1.93 1.95 1.60 1.79 2.04
(0.21) (0.15) (0.19) (0.26) (0.12) (0.11) (0.10) (0.11) (0.15) (0.26)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

5 127 -036  -1.05 -1.12 -0.80 -0.66 -0.91 -0.76 -1.23  -0.97
(0.28)  (0.25) (0.26) (0.17) (0.14) (0.14) (0.12) (0.18) (0.21) (0.26)
[0.000] [1.000] [0.002] [0.000] [0.000] [0.000] [0.000] [0.002] [0.000] [0.011]

8 066 -0.18 041 053 026 028 038 021 070  0.56
(0.21)  (0.19) (0.20) (0.12) (0.10) (0.11) (0.09) (0.15) (0.14) (0.21)
[0.118] [1.000] [1.000] [0.001] [0.451] [0.521] [0.001] [1.000] [0.000] [0.365]

i 077 -020 -052 -0.88 -0.64 -0.67 -0.70 -0.61 -0.73 -1.11
(0.16) (0.12) (0.15) (0.14) (0.07) (0.07) (0.06) (0.09) (0.10) (0.20)
[0.000] [0.090] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

Observations 852 1,053 978 4558 4,576 4572 4,551 2246 2269 1,138
Number of Participants 48 48 48 96 96 96 96 48 48 24

Panel B: Continuous explanatory variable

v 0.39 0.55 0.55 1.34 1.38 1.45 1.29 0.64 0.72 1.10
(0.18) (0.11) (0.18) (0.10) (0.08) (0.07) (0.07) (0.15) (0.17) (0.18)
[1.000] [0.000] [0.152] [0.000] [0.000] [0.000] [0.000] [0.001] [0.001] [0.000]

5 147 069 088 00l 00l 001l 001 054 015 0.4
(0.36) (0.18) (0.18) (0.00) (0.00) (0.00) (0.00) (0.11) (0.04) (0.01)
0.002] [0.005] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.001] [0.013]

8 088 -026 -056 -0.01 -0.00 -0.01 -0.00 -0.26 -0.14 -0.01
(0.30) (0.08) (0.17) (0.00) (0.00) (0.00) (0.00) (0.08) (0.03) (0.01)
[1.000] [0.001] [1.000] [0.000] [0.000] [0.000] [0.000] [0.275] [1.000] [0.000]

fi 0.03 016 002 -052 -044 -046 -040 -024 004  -0.67
(0.10)  (0.04) (0.10) (0.06) (0.05) (0.04) (0.04) (0.08) (0.09) (0.14)
[1.000] [0.000] [0.810] [0.000] [0.000] [0.000] [0.000] [0.005] [0.663] [0.000]

Observations 852 1,053 978 4,558 4,576 4,572 4,551 2,246 2,269 1,138
Number of Participants 48 48 48 96 96 96 96 48 48 24
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Table A.8. Logit modeling of direction of change in learning rate o, Robust Expectations Adapt-
ation REA, in mixed feedback experiments. Listed are estimates of the parameters of the equation
displayed in (10) and (11), per Experiment. Robust standard errors clustered at participant level
in parentheses. p-values in bracket; those for ~, d, 8 are Bonferroni-corrected for 54 tests.

Experiment (11) (12)

Panel A: Discrete explanatory variable

~y 4.03 3.97
(0.35) (0.25)
[0.000] [0.000]
o -1.78 -1.84
(0.37) (0.27)
[0.000] [0.000]
B 1.06 0.89
(0.36) (0.26)
[0.174] [0.039]
] -2.65 -2.26
(0.33) (0.23)
[0.000] [0.000]
Observations 2,142 2,513
Number of Participants 45 54

Panel B: Continuous explanatory variable

y 1.27 2.07
(0.22) (0.20)
[0.000] [0.000]
) 0.16 0.33
(0.02) (0.07)
[0.000] [0.000]
B -0.12 -0.13
(0.02) (0.07)
[0.000] [0.000]
I -0.94 -1.41
(0.18) (0.16)
[0.000] [0.000]
Observations 2,142 2,513
Number of Participants 45 54
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Table A.9. Logit modeling of direction of change in learning rate o, Robust Expectations Adapta-
tion REA, in negative feedback experiments. Listed are estimates of the parameters of the equation
displayed in (10) and (11), per Experiment. Robust standard errors clustered at participant level
in parentheses. p-values in bracket; those for 7, d, 3 are Bonferroni-corrected for 54 tests.

Experiment (13) (14) (15) (16) (17) (18)

Panel A: Discrete explanatory variable

y 2.22 1.82 2.09 1.37 1.17 1.35
(0.20) (0.19) (0.23) (0.22) (0.16) (0.21)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

5 185  -140 -141  -158  -1.40  -1.20
(0.29)  (0.28) (0.27) (0.30) (0.20) (0.29)
0.000] [0.000] [0.000] [0.000] [0.000] [0.002]

B8 112 056 050 080 065 055
(0.22) (0.19) (0.21) (0.19) (0.11) (0.13)
0.000] [0.134] [1.000] [0.001] [0.000] [0.001]

i 128 -0.79  -098 -0.62 -053  -0.65
(0.13)  (0.12) (0.15) (0.13) (0.08) (0.11)
(0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

Observations 791 918 826 1,087 1,846 1,537
Number of Participants 48 48 48 24 42 36

Panel B: Continuous explanatory variable

5 0.69 1.10 1.32 -0.23  -0.05 0.17
(0.20) (0.24) (0.19) (0.25) (0.15) (0.19)
[0.031] [0.000] [0.000] [1.000] [1.000] [1.000]

5 038 003 003 047 014 020
(0.10)  (0.02) (0.02) (0.11) (0.03) (0.05)
0.005] [1.000] [1.000] [0.001] [0.000] [0.001]

B 0.16  0.01 -001 -0.12 -0.04 -0.06
(0.05)  (0.01) (0.01) (0.03) (0.01) (0.02)
0.024] [0.001] [0.000] [1.000] [1.000] [1.000]

i 042 -059 -070 005 -0.06 -0.18
(0.12) (0.14) (0.10) (0.12) (0.09) (0.11)
(0.000] [0.000] [0.000] [0.686] [0.488] [0.105]

Observations 791 918 826 1,087 1,846 1,537
Number of Participants 48 48 48 24 42 36
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Table A.10. Linear modeling of direction of change in learning rate «, Robust Expectations
Adaptation REA, in positive feedback experiments, allowing for heterogeneity in intercept or/and
slope. Listed are estimates of the parameters of the equation displayed in (12), per Experiment.
Standard errors robust to clustering at participant level in parentheses. p-values in brackets; those
for 7, d, B are Bonferroni-corrected for 54 tests.

Experiment (1) (2) 3) (4) (5) (6) (7) (®) 9 (10

Panel A: Heterogeneity in intercept only

y 0.42 0.27 0.42 0.48 0.44 0.45 0.45 0.38 0.43 0.48
(0.05) (0.04) (0.04) (0.02) (0.02) (0.02) (0.02) (0.02) (0.03) (0.05)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

5 029 -0.09 -025 -024 -0.16 -0.14 -020 -0.17 -0.29 -0.22
(0.07)  (0.06) (0.06) (0.03) (0.03) (0.03) (0.03) (0.04) (0.05) (0.05)
0.005] [1.000] [0.011] [0.000] [0.000] [0.002] [0.000] [0.015] [0.000] [0.018]

B 015 -0.04 011 012 006 007 009 005 017 013
(0.05)  (0.05) (0.05) (0.03) (0.02) (0.03) (0.02) (0.03) (0.03) (0.04)
(0.317] [1.000] [1.000] [0.002] [0.748] [0.599] [0.001] [1.000] [0.000] [0.273]

1@ 032 044 034 029 035 033 033 035 032 024
(0.04) (0.03) (0.03) (0.02) (0.01) (0.02) (0.01) (0.02) (0.02) (0.04)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

Observations 852 1,053 978 4,558 4,576 4,572 4,551 2,246 2,269 1,138
Number of Participants 48 48 48 96 96 96 96 48 48 24

Panel B: Heterogeneity in intercept and slope

v 0.43 0.27 0.42 0.49 0.45 0.45 0.46 0.38 0.43 0.50
(0.06) (0.03) (0.05) (0.02) (0.02) (0.02) (0.02) (0.02) (0.03) (0.03)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

5 030  -0.09 -0.25 -024 -0.17 -014 -020 -0.17 -0.28 -0.23
(0.07)  (0.06) (0.06) (0.03) (0.03) (0.03) (0.03) (0.04) (0.05) (0.05)
[0.002] [1.000] [0.016] [0.000] [0.000] [0.003] [0.000] [0.020] [0.000] [0.009)]

8 017 -005 012 012 007 007 009 004 017 0.4
(0.05)  (0.05) (0.05) (0.03) (0.03) (0.03) (0.02) (0.04) (0.03) (0.04)
[0.114] [1.000] [1.000] [0.002] [0.415] [0.627] [0.001] [1.000] [0.000] [0.161]

[ 030 044 034 028 033 033 032 036 032 022
(0.03) (0.02) (0.03) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.02)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

Observations 852 1,053 978 4558 4576 4,572 4,551 2,246 2,269 1,138
Number of Participants 48 48 48 96 96 96 96 48 48 24
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Table A.11. Linear modeling of direction of change in learning rate «, Robust Expectations
Adaptation REA, in mixed feedback experiments, allowing for heterogeneity in intercept or/and
slope. Listed are estimates of the parameters of the equation displayed in (12), per Experiment.
Standard errors robust to clustering at participant level in parentheses. p-values in brackets; those

for 7, d, B are Bonferroni-corrected for 54 tests.

Experiment (11)

(12)

Panel A: Heterogeneity in intercept only

5 0.76
(0.03)
[0.000]

5 -0.27
(0.04)
[0.000]

B8 0.13
(0.03)
[0.006]

ut 0.04
(0.02)
[0.000]

Observations 2,142
Number of Participants 45

Panel B: Heterogeneity in intercept and slope

~ 0.74
(0.03)
[0.000]

5 -0.25
(0.04)
[0.000]

B 0.11
(0.03)
[0.102]

1@ 0.06
(0.02)
[0.001]

Observations 2,142
Number of Participants 45

0.75
(0.02)
[0.000]

-0.26
(0.04)
[0.000]

0.10
(0.03)
[0.073)]

0.10
(0.02)
[0.000]

2,513
54

0.76
(0.02)
[0.000]

0.27
(0.03)
[0.000]

0.11
(0.03)
[0.022]

0.09
(0.02)
[0.000]

2,513
54
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Table A.12. Linear modeling of direction of change in learning rate «, Robust Expectations
Adaptation REA, in negative feedback experiments, allowing for heterogeneity in intercept or/and
slope. Listed are estimates of the parameters of the equation displayed in (12), per Experiment.
Standard errors robust to clustering at participant level in parentheses. p-values in brackets; those

for 7, d, B are Bonferroni-corrected for 54 tests.

Experiment (13) (14) (15) (16) (17) (18)
Panel A: Heterogeneity in intercept only
07 0.53 0.46 0.50 0.34 0.29 0.33
(0.04) (0.04) (0.04) (0.05) (0.04) (0.05)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000]
6 -0.42 -036 -0.32  -0.39 -0.34  -0.29
(0.07) (0.07) (0.06) (0.07) (0.05) (0.07)
[0.000] [0.000] [0.000] [0.001] [0.000] [0.010]
B 0.25 0.13 0.12 0.20 0.16 0.13
(0.05) (0.04) (0.05) (0.04) (0.03) (0.03)
[0.000] [0.212] [0.814] [0.010] [0.000] [0.008]
u 0.21 0.30 0.26 0.35 0.37 0.34
(0.02) (0.02) (0.03) (0.03) (0.02) (0.02)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000]
Observations 791 918 826 1,087 1,846 1,537
Number of Participants 48 48 48 24 42 36
Panel B: Heterogeneity in intercept and slope
i 0.54 0.46 0.49 0.34 0.28 0.33
(0.06) (0.07) (0.07) (0.03) (0.03) (0.03)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000]
0 -0.42  -035 -033  -0.39 -0.35 -0.29
(0.07) (0.07) (0.06) (0.07) (0.05) (0.07)
[0.000] [0.000] [0.000] [0.001] [0.000] [0.011]
B 0.25 0.13 0.13 0.19 0.16 0.13
(0.05) (0.04) (0.05) (0.04) (0.03) (0.03)
[0.000] [0.184] [0.394] [0.012] [0.000] [0.013]
u 0.21 0.30 0.26 0.35 0.37 0.34
(0.03) (0.04) (0.04) (0.02) (0.02) (0.02)
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000]
Observations 791 918 826 1,087 1,846 1,537
Number of Participants 48 48 48 24 42 36
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Table A.13. M-Estimator modeling of magnitude of change in learning rate «, Robust Expecta-
tions Adaptation REA, in positive feedback experiments. Listed are estimates of the parameters
of the equation displayed in (13) (Panel A) and (14) (Panel B), per Experiment. Standard error
robust to clustering at participant level in parentheses. p-values in brackets; those for ~,d, 3 are
Bonferroni-corrected for 54 tests.

Experiment (1) (2) 3) (4) (5) (6) (7) (®) 9 (10

Panel A: Discrete measurement of surprise

y 2.12 1.44 5.49 4.11 5.80 5.28 4.20 1.09 2.19 4.79
(0.32) (0.59) (0.85) (0.36) (0.46) (0.39) (0.32) (0.12) (0.25) (0.63)
[0.000] [0.953] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000] [0.000]

5 093 227 -1.89 023 074 102 061 014 -046 -121
(0.52)  (1.26) (1.59) (0.71) (0.90) (0.84) (0.62) (0.20) (0.41) (0.77)
[1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000]

8 096 -1.79 232 -025 -0.66 -065 -063 -0.14 085  1.02
(0.47) (1.08) (1.38) (0.65) (0.80) (0.68) (0.53) (0.15) (0.28) (0.77)
[1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [1.000] [0.202] [1.000]

Observations 852 1,053 978 4,558 4,576 4,572 4,551 2,246 2,269 1,138
Number of Participants 48 48 48 96 96 96 96 48 48 24

Panel B: Continuous measurement of surprise

y 0.56 1.10 1.32 2.97 4.86 4.65 3.87 0.55 0.25 2.93
(0.30) (0.52) (0.90) (0.50) (0.57) (0.44) (0.38) (0.33) (0.28) (0.93)
[1.000] [1.000] [1.000] [0.000] [0.000] [0.000] [0.000] [1.000] [1.000] [0.249]

5 228 236 449 011 009 008 002 054 052  0.11
(0.41)  (0.66) (1.18) (0.03) (0.02) (0.02) (0.01) (0.28) (0.02) (0.07)
[0.000] [0.047] [0.023] [0.012] [0.000] [0.000] [1.000] [1.000] [0.000] [1.000]

B 216  -0.80 -343 -0.04 -0.02 -0.02 -0.00 -0.34 -0.18 -0.03
(0.39)  (0.66) (1.18) (0.02) (0.01) (0.01) (0.00) (0.18) (0.02) (0.01)
[0.000] [1.000] [0.293] [1.000] [1.000] [1.000] [1.000] [1.000] [0.000] [0.008]

Observations 852 1,053 978 4,558 4,576 4,572 4,551 2246 2,269 1,138
Number of Participants 48 48 48 96 96 96 96 48 48 24
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Table A.14. M-Estimator modeling of magnitude of change in learning rate o, Robust Expect-
ations Adaptation REA, in mixed feedback experiments. Listed are estimates of the parameters
of the equation displayed in (13) (Panel A) and (14) (Panel B), per Experiment. Standard error
robust to clustering at participant level in parentheses. p-values in brackets; those for ~,4d, 3 are
Bonferroni-corrected for 54 tests.

Experiment (11) (12)

Panel A: Discrete measurement of surprise

vy 3.18 3.71
(0.25) (0.18)
[0.000] [0.000]
0 0.20 -0.14
(0.32) (0.24)
[1.000] [1.000]
Ié] -0.04 0.15
(0.33) (0.22)
[1.000] [1.000]
Observations 2,142 2,513
Number of Participants 45 54

Panel B: Continuous measurement of surprise

y 3.30 3.43
(0.32) (0.19)
[0.000] [0.000]
0 0.00 0.09
(0.02) (0.03)
[1.000] [0.180]
Ié] -0.01 -0.09
(0.02) (0.03)
[1.000] [0.094]
Observations 2,142 2,513
Number of Participants 45 54
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Table A.15. M-Estimator modeling of magnitude of change in learning rate «, Robust Expecta-
tions Adaptation REA, in negative feedback experiments. Listed are estimates of the parameters
of the equation displayed in (13) (Panel A) and (14) (Panel B), per Experiment. Standard error
robust to clustering at participant level in parentheses. p-values in brackets; those for ~,d, 3 are
Bonferroni-corrected for 54 tests.

Experiment (13) (14) (15) (16) (17) (18)

Panel A: Discrete measurement of surprise

y 1.53 1.01 1.23 0.79 0.68 0.84
(0.18) (0.13) (0.14) (0.17) (0.11) (0.13)
[0.000] [0.000] [0.000] [0.008] [0.000] [0.000]

5 0.84 -043 -0.63 -1.05 -0.88 -0.66
(0.33)  (0.26) (0.17) (0.26) (0.18) (0.22)
0.762] [1.000] [0.041] [0.033] [0.001] [0.237]

B 079 023 010 045 049  0.32
(0.19)  (0.15) (0.14) (0.16) (0.10) (0.10)
(0.009] [1.000] [1.000] [0.463] [0.001] [0.126]

Observations 791 918 826 1,087 1,846 1,537
Number of Participants 48 48 48 24 42 36

Panel B: Continuous measurement of surprise

0 0.90 0.85 1.01 -0.18  -0.04 0.25
(0.21) (0.21) (0.19) (0.21) (0.14) (0.15)
[0.004] [0.010] [0.000] [1.000] [1.000] [1.000]

5 013 000 -000 024 008  0.09
(0.04) (0.02) (0.01) (0.07) (0.02) (0.03)
(0.108] [1.000] [1.000] [0.158] [0.001] [0.160]

8 0.05 001 000 -0.05 -0.02 -0.02
(0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
0.157) [1.000] [1.000] [0.005] [0.452] [0.605]

Observations 791 918 826 1,087 1,846 1,537
Number of Participants 48 48 48 24 42 36
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B Experimental Instruction for a Typical LtFE

The following instructions are taken from Bao et al. (2024).

Welcome to our experiment! You are participating in an experiment with a real monetary reward. There
are 6 participants in each market. In other words, your payoff from the experiment depends on your decision
and the decisions of the other 5 participants in your market. The experiment consists of 50 periods. When
the experiment ends, we will pay you according to the total number of points you earned. The exchange
rate is 80 points = 1 RMB.

The experiment is anonymous. You do not know the identity of the other participants, nor do they know
yours. You are not allowed to communicate with others during the experiment, and please place your cell

phone in the place assigned by the experimenter.

The following is a detailed description of the experimental setup. Please read it carefully and listen to

the explanation by the experimenter. If you have any questions, please feel free to ask.

Your role in the experiment is a financial advisor to an investment fund that wants to optimally invest a
large amount of money. The fund is a major participant in the market of some risky assets. The experiment
consists of 50 periods. Before the beginning of each period, you must predict the asset price of the risky
asset for the investment fund. Based on your prediction, the fund will decide the unit of the risky asset to
purchase or sell. The investment fund has two investment options for the limited fund: a risk-free investment
(e.g., government bond), with an interest rate of 5%; and a risky investment (e.g., stock), where the value
of the dividend of the stock is 3.3 points. According to finance theory, the fundamental value of the risky
asset is positively correlated with its dividend and negatively correlated with the interest rate of the risk-free

asset.

Note that your prediction is the only determinant of the fund’s purchasing/selling decision. The more
accurate you predict, the more money the fund will earn. Accordingly, your earnings in each period in the
experiment solely depend on your forecasting accuracy in each period. At the end of the experiment, we will

pay you according to the total points you earn in 50 periods.

Participants need to complete a test before the beginning of the experiment. Please answer the questions

carefully.
1. The determination of the asset price

The stock price is determined by the following mechanism: when the total demand for risky asset in the
market is larger than the total supply, or when the total assets firms want to purchase is larger than the
total assets firms want to sell, the price will increase. Conversely, if the total demand for risky asset in the
market is smaller than the total supply, the price will decrease. This rule is generally consistent with the

reality.

There are some large investment funds in the market, where each of the investment funds is advised by a
financial advisor played by a participant in the experiment (like you). Generally speaking, the funds will buy
more of the risky asset if the financial advisor forecasts that the price of the risky asset will increase, whereas

they will sell more assets if the financial advisor forecasts that the price of the risky asset will decrease. The
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total demand and total supply of the asset are determined by the total purchasing/selling decisions of these

large investment funds in the market.
2. Your task in the experiment

Your only task in the experiment is to forecast the market price in each period. At the beginning
of the experiment, you need to submit your forecast for the price in the first period, where the forecast
should range between 0 to 100. After all participants have submitted their forecasts for the first period, the
investment fund played by the computer will make the decisions on purchasing/selling quantities based on
each participant’s predictions. After that, the experimental program will determine the asset price in the
current period using the total purchasing and selling quantities and reveal it to everyone. Based on your

forecasting error, your earnings (in points) for period 1 will be calculated.

Next, you need to submit your forecasts for the price in the second period. After all participants have
submitted their predictions for the second period, the market price in the second period will be calculated
based on all the predictions and their corresponding trading decisions. This process continues for 50 periods.
In each period, the available information comprises the previous market prices, your previous predictions,

and your previous earnings. Specifically, the experimental procedure in each period is as follows:

In general, at period t (¢t > 2), participants need to predict the asset price in the current period
t at the beginning of period ¢. When forecasting the price, the following information will be disclosed
on the user interface: the interest rate of risk-free asset -, expected dividend of risky asset v,
participant’s previous predictions up to ¢t — 1, previous prices up to period ¢t — 1, previous total

earnings up to period ¢t — 1.

Participants only need to fill up the price forecast for the current period in the corresponding
experimental program. After collecting the price forecasts from all participants, the program will disclose
the market price in period ¢, P;, and the earnings in point that is calculated based on the predicting error
between the price forecasts Py, and market price P;, at the end of period ¢. In other words, the actual
asset price that was predicted at the beginning of each period will be disclosed at the end of

each period.

Simply put, when ¢ > 2 such as at the beginning of period 5, participants will need to predict the market
price in period 5. After all participants submit their forecasts on the price for period 5, the actual market
price for the asset in period 5 will be disclosed at the end of period 5. Next is to predict the price in period 6
at the beginning of period 6, where the actual market price for period 6 will be derived using the forecasting

price and its corresponding demand/supply equation. And so on.

Specifically, when ¢t = 1, participants only need to submit the price forecasts, where no market price

and earnings (in points) will be disclosed. The price forecasts for period 1 need to range between 0 and 100.

Note that 60 seconds is given to you for forecasting in each period. Please submit your price forecasts
before the end of the countdown. Except for the first period, where the price forecasts need to range between
0 to 100, all price forecasts from period 2 could range between 0 to 1000. All predictions could have an

accuracy up to 2 decimal points.

3. Your payoff
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Earnings in each period will depend only on the forecasting accuracy in the corresponding period. The
more accurate you predict the asset price in each period, the higher your aggregate earnings will be. In other
words, as your prediction error increases, or as the difference between the actual stock price and your price
forecasts increases, your payment decreases. When your forecast equals the stock price, you get 100 points.

When your prediction error is greater than 7, you get 0 points. Hence, your earnings in each period are:

100
earning = max {100 ~ 9 % (prediction error)?, O}

The earnings with regards to the prediction error is plotted as follows:
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